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This is a short account of our work on the statistical mechanics of ‘cold’ quantum black
holes in the constituent model of a black hole 3 4 6. A quantum Schwarzschild black
hole consists of gravitational atoms of Planckian mass scale 3 4 6. The gapless bosonic
collective excitations of a bound state of N gravitational atoms dominate the thermo-
dynamics of a cold quantum black hole. It turns out that it is only in the limit of large
N , with the observable mean values of the gravitational mass-energy kept fixed, that we
recover the Bekenstein thermodynamics 1 of spin-zero black holes. This is also the limit
of the Boltzmann statistics.
1 On the Statistical Mechanics of Quantum Schwarzschild Black Holes
We have shown that a gravitating mass M in thermal equilibrium behaves statis-
tically like a system of some number N of harmonic oscillators whose zero-point
energy ǫ2 depends on N universally in such a way that Nǫ
2 ∼ hc
5
G
, where G is
the Newton constant, c is the velocity of light in vacuum, and h is the Planck con-
stant. The large number N is also the number of weakly interacting gravitational
atoms 4 6 9 which are the constituents of a spin-zero black hole. The sum over
all oscillators of the squares of zero-point energies is fixed and independent of the
number of those oscillators. The enigmatic Bekenstein entropy of black holes was
not yet derived on the basis of microscopic theory. Our work may be considered
a first step in direction of presenting such a basis 3 4 5 8 9. The problem with
all present approaches to this problem has been the silent assumption that the to-
tal entropy of gravitating systems (black holes) must be given by the Bekenstein
formula 1 Sbh = 4kπM
2 , where the mass M is in Planck units. The postu-
late of gravitational constituents (gravitational atoms) and gravitational oscillators
(quanta) leads to Bekenstein formula only after a part of mass-energy fluctuations
is neglected 4 6. The most unusual character of the gravitational mass-energy oscil-
lators (quanta) is that they somehow manage, via the quadratic sum rule defining
the Newton constant G,
∑
i ǫi
2 = bhc
5
G
, to reduce their zero-point energy when
the number N of gravitational atoms grows 4. The formula: M2 = µ
2
2πN , where
µ2 = hc
G
, was derived long time ago (1986) by the present author. This also means
that a cold large gravitational mass M ∼ µ
√
N consists of N constituents. The
physical meaning of the ‘phenomenological’ entropy of Bekenstein 1 is that it is the
measure of the number N of constituents making up a very ‘cold’ large body. The
zero-point energy ǫi of gravitational quanta for a very large ‘cold’ mass is of an order
of the Hawking thermal energy of quanta 2, ǫi ∼ µ
2
(4π)2M . The more massive is a
1
gravitating mass the softer are the gravitational quanta. The number N of con-
stituent gravitational atoms of a given spin-zero quantum Schwarzschild black hole
determine the energy of quasi-thermal quanta and the Bekenstein-Hawking entropy,
kTbh ∼ µ√
N
, Sbh ∼ kN , but it is valid only in the particular limit when the inter-
ference terms are neglected 4. Otherwise, as usual with oscillators, there are two
sources of statistical fluctuations of mass-energy corresponding to the corpuscular
and wave aspect of quanta 4 6. We calculate the energy fluctuations of the systema
considered in 4 in terms of the mean energy E, where E = E0cotanh(
ǫ
2kT ), ǫ =
E0
N
,
E0
2 = bµ
2c4N
4 , and (∆E)
2 = N−1E
2 − 14Nǫ
2 = N−1E
2 − 14bµ
2c4. Neglecting the
1
N
term in this formula, when E is fixed, we obtain the expression for statistical
fluctuations typical of gravitating systems: (∆E)2bh = −
1
4bµ
2c4. The well known
relation between the mass-energy fluctuations and the behaviour of entropy near the
state of thermal equilibrium, (∆E)2 = −k
(
∂2S
∂E2
)−1
, leads to the entropy of such
a truncated system: ∂
2Sbh
∂E2
= 4kb−1µ−2c−4. Integrating this last equation gives the
inverse temperature βbh = 4b
−1µ−2c−4E, where an arbitrary integration constant
is fixed to be zero by demanding that a very massive body is also very cold 4 6.
The entropy is given by the ‘phenomenological’ entropy formula of Bekenstein 1:
Sbh = 2kb
−1µ−2E
2
+ const. The model calculation of Hawking 2 leads to a numer-
ical value of the constant b, b = 14π2 . Quite independently of the actual value of the
numerical constant b the entropy Sbh has a lower bound S0 = 2kb
−1µ−2E0
2 = kN2 ,
which depends only on N .
We have seen the emergence of the Bekenstein formula for the black hole entropy
from the hypothesis about the microscopic nature of gravitational phenomena 3 4 8 9.
We shall propose to apply the same argument to the whole Universe. It seems
natural to consider NU ∼ 10123 gravitational atoms 4 and apply to them the same
physical argument. We obtain the simple estimate 4 for cosmological constant
regarded as the zero-point vacuum energy density λ ∼ µ
4
NU
. It was shown 8 that a
system of a large number of gravitational atoms described in the framework of the
Atomic Theory of Gravitation (the new gravitational mechanics) by a largeN ∼ NU
matrix of operators 3 4 8 9 bears remarkable similarity to the thermal Universe with
a nonvanishing positive cosmological constant. It should be noticed that the notion
of a statistical ensemble for the observable Universe is justified only after we identify
atoms whose existence is underlying the totality of phenomena. The Gibbs-Jaynes
principle of the maximum of H function 7 is applicable to a closed system once we
postulate the general Atomic Hypothesis 3 3 4 5. According to this hypothesis the
totality of phenomena should be derived from the properties of space-time-matter
atoms, which I prefer to call gravitational atoms 3 4 5 6. The result described in
this short note, which was based on the purely phenomenological considerations,
was first derived in the Spring of 1995 and published in 4. I have applied the
aTwo examples of gravitating systems are discussed in 46 simultaneously: a spin-zero quantum
black hole and the whole non-rotating Universe. The present upper bound on cosmological constant
λ in Planck units, regarded as the vacuum zero-point energy density, was used to estimate the
lower bound on the total number NU ∼ 10
123 of gravitational atoms (and gravitational oscillators)
in the Universe.
2
simple interpolation argument, originally due to Planck, to the problem of mass-
energy fluctuations of a gravitating mass 4 6. I have proposed that the formalism
of the new gravitational noncommutative mechanics 3 4 5 8 9 be applied to
gravitating particles (black holes) and to the whole Universe. The point made very
clearly in 3 was that the microscopic theory of gravitation requires new ideas of the
kind Heisenberg has once introduced. The idea of the Second Heisenberg Algebra
was then introduced 3 5 8 9. It is obvious to the present author that this idea is
quite useful once we realize that the perihelion precession of the Mercury, and the
Complementarity Principle for a gravitational mass and a inertial mass aspect of a
gravitating particle 3 5 8 9 allow for the transition to new gravitational mechanics
in the same way the nonrelativistic Kepler problem and the spectroscopic data
has made it possible for Heisenberg to propose the matrix quantum mechanics 3.
The idea of using the GRT Kepler problem to make a similar transition to the
new gravitational noncommutative mechanics was first described by the present
author 3 5 as early as in the Spring of 1995, and later during the USC Summer
1995 Institute 5. The idea of what I have called the Second Heisenberg Algebra
and the Second Period of Nature was also described in numerous lectures and talks
(CALTECH, February 1996; Tel-Aviv University, March 1996; Ecole Polytechnique,
Paris, October 1996). The picture of a gravitating particle (a black hole) which has
emerged from my work is not unlike that of a giant nucleus or a baryonb. The
calculation of specific properties of such a complex object like a quantum black hole
must be carried out in a sort of large N approximation in the new gravitational
noncommutative mechanics proposed in 3 5 6 8 9, and it is under way.
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